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THE INTERNATIONAL CONGRESS OF MATHE- 
MATICIANS AT ZURICH. 


THE call issued last spring for an International Congress 
of Mathematicians, to be held at Zurich in August of the 
past summer, was ‘responded to by two hundred mathema- 
ticians, Austria, Belgium, Denmark, England, Finnland, 
France, Germany, Greece, Holland, Hungary, Italy, Portu- 
gal, Russia, Spain, Sweden, Switzerland and the United 
States being represented. Three-fourths of the total num- 
ber of participants were from the countries whose names 
appear in italics, the contingent from each of these coun- 
tries numbering over a dozen. 

The Congress opened with a reception Sunday evening, 
8 August. The first general session was held on Monday, 
9 August, at 9 A. m., in the hall of the Polytechnic Insti- 
tute and was opened by Professor Geiser, of Zurich. The 
Congress chose the following executive board : 

President : Professor C. Geiser, of Zurich. General Secre- 
taries : Professor F. Rudio and Professor J. Franel, of Zur- 
ich. Secretaries to represent respectively the German, the French, 
the Italian and the English languages: Dr. E. von Weber, of 
Munich; Professor E. Borel, of Paris; Professor V. YVol- 
terra, of Turin ; and Professor J. Pierpont, of Yale Univer- 
sity. Members at Large of the Board: Professor F. Klein, of 
G6éttingen; Professor H. Poincaré, of Paris; Professor E. 
Picard, of Paris; Professor F. Brioschi, of Milan; Professor 
F. Mertens, of Vienna; Professor G. Mittag-Leffler, of 
Stockholm; Professor H. Weber, of Strassburg; and Dr. E. 
W. Hobson, of Christ’s College, Cambridge. 

The papers announced for this session were an address 
by Professor Poincaré: ‘‘On the reciprocal relations exist- 
ing between pure analysis and mathematical physics ;’’ a 
report from the Committee by Professor Rudio: ‘‘ On the 
functions and the organization of international mathema- 
tical congresses ;’’ and an address by Professor Hurwitz : 
‘Modern development of the general theory of func- 
tions.’’ Professor Poincaré was prevented from attending 
the Congress ; his paper was read by Professor Franel. Pro- 
fessor Rudio pointed out some of the more important ends 
that international congresses may serve. Personal inter- 
course between mathematicians of different countries would 
be promoted and a better understanding of one another’s 
work would be attained. The historical development and 
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the present status of different branches of pure and applied 
mathematics, as well as individual problems of special im- 
portance could be treated in lectures held and reports made 
at the congresses. Such reports have for several years been 
an important feature of the proceedings of the Deutsche 
Mathematiker - Vereinigung, and they appear to present an 
eminently fit subject for international codperation. ‘ We 
should thus have in a short time,” the speaker went on 
to say, “‘a sequence of historical monographs, and these 
would form (I am now following out an idea suggested by 
Mr. Enestrém) a systematic continuation of that great work 
which Mr. M. Cantor is about to conclude with the year 
1759 and whose continuation is far too vast a task for any 
one man. 

‘*Viribus unitis! Let this be our watchword! With the 
union of our forces it will be possible to accomplish tasks 
that hitherto, in the absence of cooperation, could not even 
be attempted. To give an illustration. Here on Swiss soil 
you will pardon me if I take as such an edition of Euler’s 
works, —a debt of honor, which the mathematical world 
has hitherto been unable to discharge. An important piece 
of preliminary work which must precede the direct attack 
of this great task has now been performed, — I mean the 
work of our American colleague, Mr. Hagen, who, as you 
know, published a year ago a complete list of Euler’s 
works. From Mr. Hagen’s writings you are aware, too, 
that an edition of these works is now no longer a chimer- 
ical project, nay, requires perhaps nothing more than inter- 
national moral support.”’ 

Professor Rudio then mentioned without comment sev- 
eral further suggestions that the Committee had received : 
a directory, to appear if possible annually, of all the 
mathematicians of the world, with a statement of their 
special fields of work ; a bibliographical and literary dic- 
tionary of all mathematicians now living, together with 
their portraits; and a bibliographical journal. Further- 
more may be mentioned the institution of international sci- 
entific exhibitions, like the one that was held in Munich in 
1893 under the direction of Professor Dyck. And ques- 
tions of terminology might be dealt with by the Congress. 
The speaker closed by emphasizing strongly the need of co- 
operation in bibliographical matters and the services that 
the Congress could render here. He suggested a publica- 
tion that should contain the exact title of every paper that 
appears in the world and that should be issued in such a 
form that the information it contained would be sent out 
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within a month, perhaps even within a week of the receipt 
of the same by the editors. Such a publication, he pointed 
out, would have to be preceded by a classification of mathe- 
matical literature which should have been universally 
adopted. 

At one o’clock a banquet was served in the main hall of 
the Tonhalle. An excursion on the Lake of Zurich to Rap- 
perschwy] followed and abundant opportunity was afforded 
the members for becoming acquainted with each other and 
for scientific discussions. The steamer returned to Zurich 
a little after nine o’clock. 

Tuesday, 10 August, was devoted to the sessions of the 
various sections, a list of which, together with the name of 
the president of each one, is here appended. 

Section I: Arithmeticand Algebra; Professor Mertens, 

of Vienna. 

Section II: Analysis and Theory of Functions; Profes- 

sor Picard, of Paris. 

Section III: Geometry ; Professor Reye, of Strassburg. 

Section IV : Mechanics and Mathematical Physics ; Pro- 

fessor Jung, of Milan. 

Section V: History and Bibliography; Professor M. 

Cantor, of Heidelberg. 
Most of the papers presented at these sessions were, as 
was to be expected, of a special nature. 

The second general session was held on Wednesday, 11 
August. Reports of committees were presented and it was 
voted to hold the next congress at Paris in 1900. On mo- 
tion of Professor Picard it was voted to appoint as the com- 
mittee of arrangements for that congress the executive 
board of the present congress. The third congress will 
probably be held in Germany in 1905, the period of five 
years being likely to be the one that will ultimately be 
adopted. 

The papers announced for the session were an address by 
Professor Peano: ‘‘ Mathematical logic’’ ; and an address 
by Professor Klein: ‘‘On the question of instruction in 
higher mathematics.’’ The congress adjourned shortly 
before noon and the members proceeded by special trains to 
the summit of the Uetli, where the closing banquet was 
served. The afternoon was warm, but not uncomfort- 
able. The panorama of the Alps was unusually distinct 
and many remained till a late hour in the evening, enjoying 
the moonlight landscape that lay before and beneath them. 

The transactions of the Congress, together with the pa- 
pers presented, are to be published in full. 

W. F. Oscoop. 
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THE DETROIT MEETING OF THE AMERICAN 
ASSOCIATION FOR THE ADVANCEMENT 
OF SCIENCE. 


Tue forty-sixth annual meeting of the American Associ- 
ation for the Advancement of Science was held at Detroit, 
August 9-16. There were 290 members and associates 
registered, including over twenty foreign scientists. 

The officers of Section A were as follows: Vice-President, 
W. W. Beman; Secretary, J. McMahon; Press Secretary, P. 
A. Lambert; Councillor, E. W. Hyde; Sectional Committee, 
W. W. Beman, J. McMahon, A. Macfarlane, W. F. Durand, 
J. E. Kershner, W.S. Pritchett; Member of Nominating 
Committee, A. Ziwet; Committee to Nominate Officers of 
Section, W. W. Beman, J. McMahon, A. Hall, Jr., R.S. 
Woodware, A. Macfarlane. 

The Vice-President delivered an address ‘‘ On a chapter 

n the history of mathematics.”’ 

The following papers were presented :— 

(1) “A problem in substitution-groups.” By Dr. G. A. 
Mituer, Ann Arbor, Mich. 

(2) ‘Continuous groups of spherical transformations in 
space.”” By Professor H. B. Newson, Lawrence, Kans. 

(3) “ Treatment of differential equations by approxi- 
mate methods.” By Professor W. F. Duranp, Ithaca, 

(4) “Commutative matrices.”’ By Professor J. B. Suaw, 
Jacksonville, Ill. 

(5) “On the theory of the quadratic equation.” By 
Professor A. MAcFARLANE, Lehigh University, South 
Bethlehem, Pa. 

(6) “A new principle in solving certain linear differ- 
ential equations that occur in mathematical physics.’’ By 
Professor A. MacFARLANE, Lehigh University, South 
Bethlehem, Pa. 

(7) “Condition that the line common to n—1 planes in 
an n-space may pierce a given quadric surface in the same 
space.” By Dr. Vircit Syyper, Ithaca, N. Y. 

(8) “The psychology of the personal equation.”’ By 
Professor T. H. Sarrorp, Williamstown, Mass. 

(9) “Compound determinants.” (Preliminary com- 
munication.) By Professor W. H. Metz.er, Syracuse, N. Y. 

(10) “ Waters within the earth and laws of rainflow.” 
By W.S. Avucutnctoss, C.E. Philadelphia, Pa. 

(11) “On the secular motion of the earth’s magnetic 
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axis.” By Dr. L. A. Bauer, University of Cincinnati, Cin- 
cinnati, O. 

(12) “Simple expressions for the diurnal range of the 
magnetic declination and of the magnetic inclination.” By 
Dr. L. A. Baver, University of Cincinnati, Cincinnati, O. 

(13) ‘The theory of perturbations and Lie’s theory of 
contact-transformations.” By Dr. E, O. Lovert, Prince- 
ton, N. J. 

(14) “On rational right triangles.”” No. 1. By Dr. 
ArTemAs Martin, U. S. Coast Survey, Washington, D. C. 

(15) “Some results in integration expressed by the el- 
liptic integrals.”” By Professor James McMauon, Cornell 
University, Ithaca, N. Y. 

(16) “‘ Modification of the Eulerian cycle due to in- 
equality of the equatorial moments of inertia of the earth.” 
By Professor R. $8. Woopwarp, Columbia University, N. Y. 

(17) “ Integration of the equations of rotation of a non- 
rigid mass for the case of equal principal moments of in- 
ertia.”” By Professor R. 8S. Woopwarp, Columbia University, 

(18) “General theorems concerning 2 certain class of 
functions deduced from the properties of the Newtonian 
potential function.” By Dr. J. W. Grover, Ann Arbor, 
Mich. 

(19) ‘The importance of adopting standard systems of 
notation and coordinates in mathematics and physics.” 
By Professor Franx H. Bicetow, U. S. Weather Bureau, 
Washington, D. C. 

(20) ‘‘ A remarkable complete quadrilateral among the 
Pascal lines of an inscribed six-point of a conic.” By Pro- 
fessor R. D. Bouannan, Columbus, O. 

(21) “Stereoscopic views of spherical catenaries and 
gyroscopic curves.” By Professor A. G. GREENHILL, Royal 
Artillery College, Woolwich. 

In No. 1 it was pointed out that to every simple isomor- 
phism of a group to itself corresponds some substitution of 
its operators, and that to all such isomorphisms corresponds 
a substitution group, called the group of isomorphisms of the 
given group. A new and simple proof was given of the 
following theorem of Jordan’s: When a regular group (F) 
of order » is transformed into itself by the largest possible 
group (LZ) of its own degree, the subgroup of ZL, which in- 
cludes all its substitutions that do not contain a given ele- 
ment, is the group of isomorphisms of R. 

Isomorphisms which may be derived from a given oue by 
means of real transforming operators are said to be trans- 
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form to each other. All simple isomorphisms of F to itself 
are transforms of the identical isomorphism. Isomorphisms 
that do not belong to the same system of transforms are 
said to be distinct. Tothe transforms of the identical iso- 
morphisms corresponds a subgroup of the group of isomor- 
phisms. The number of substitutions of this group that 
correspond to an isomorphism which is distinct from the 
identical is a multiple of the order of this subgroup. 

In No. 2 the general group is that of Lie’s Kugelgeometrie. 
All infinity in space is regarded as a single point as in the 
complex plane, and all planes are regarded as spheres through 
the point at infinity. The general group is ten-fold. All 
transformations leaving a point invariant form a sevenfold 
subgroup. There is a sixfold subgroup leaving a sphere in- 
variant. This is identical with the sixfold group of circu- 
lar transformations on the Neumann sphere or in the com- 
plex plane. 

No. 3 showed how successive values of a function defined 
by a differential equation could be numerically computed 
without solving the equation. Using Newton’s notation for 
derivatives and letting subscripts correspond to successive 
points (or values of x), the simple trapezoidal rule expresses 
approximately the difference between y, and y, in terms of 
y, and y,, and similarly the difference between y, and y, in 
terms of y, andy,. Thus y, and y, may be ultimately ex- 
pressed in terms of y,, ¥, Yo. ni and then the differential 
equation may be solved for y, in terms of 4, %, 4%. This 
value substituted back will give the values of y,, y,. Thus 
the circumstances for the point (1) are known when those 
for the initial point are assigned ; and so on from point to 
point. The trapezoidal rule may be replaced by more ac- 
curate ones such as Simpson’s rule. The method applies 
to equations of any order and degree, and to simultaneous 
equations. 

No. 4 showed that if two matrices are commutative, 1. ¢., 
¢¢ = ¢¢, then there is no latent region of any root of the 
one which lies in the extension composed of two or more 
latent regions of a root of the other unless it includes the 
entirety of these regions. The character of the conditions 
arising from the forms of the partial matrices governing the 
latent regions when one of the matrices has equal roots was 
developed. 

No. 5 stated the current theory of the equation 2’ + 2bz 
+c=0, as follows: When b?> .«, the radical term in the 
value of x is to be simply added to the other term, and is 
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represented as part of the same straight line; but when 
b* <c, the radical is to be geometrically added to the other 
term, and is represented at right angles to it. The author 
extended this theory as follows: When b’>c the radical 
may be represented at right angles, so that the two terms 
of the root represent a hyperbolic complex quantity. This 
interpretation is supplementary to the idea of a circular 
complex quantity. In both cases the root is complex. 
Again when b’< ce, z may not be complex, but may be 
scalar, in which case the two parts of the root are repre- 
sented along the same straight line. The author illustrated 
this by the cosine of an angle which is the sum of a circular 
and a complex angle. 
In No. 6 the author used, as an example, the equation 


di 
La + Ri= Esin vt 


and showed that when, as here, the right-hand member is 
the orthogonal projection of a plane motion, it is easier to 
pass to the auxiliary motion using planar algebra than it is 
to proceed with the given equation directly. 

In No. 7 the analytical problem was to determine the 
reality of the values which simultaneously satisfy n —1 
linear equations in n variables, and a quadratic equation in 
the same n variables. The reality of the roots depends 
upon the sign of a symmetrical determinant of order n — 1, 
whose elements are quadratic functions of the coefficients 
of the given equations; and the criterion applies, whether 
nis odd or even. The theorem has important applications 
when n equals 2, 3,4 or 5 and may be employed indiffer- 
ently, whether the point, the plane, the line, the circle or 
the sphere be taken as the generating element. 

The object of No. 8 was to awaken an interest among as- 
tronomers and psychologists such as to induce them to pay 
more attention to each other’s work and to improve their 
own methods. 

In No. 9 the idea of obtaining the value of A (m) the mth 
compound of the determinant A as a power of A, by multi- 
plying it by its adjugate A (n—m), the (n—m)th compound 
of A, is extended to finding the value of certain minors of 
A (m) in terms of A and its minors. Taking any minor of 
A and finding its mth and its (n—m)th compounds, their 
values in terms of the minor is in the same way found. 
Making use of this principle and the laws of Complementaries 
and Extensible Minors it is shown how the value of many 
minors of A(m) may be found, and by making use of a com- 
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prehensive notation the whole subject is unified, the laws of 
vanishing minors set forth and such well known theorems 
as Sylvester’s and others are easily established. 

No. 10 was read by titleand a printed pamphlet distributed. 

No. 11 stated that 70 per cent. of the total magnetization 
of the earth can be referred to a homogeneous magnetization 
about a diameter inclined to the earth’s rotation axis at an 
angle of about 12°. This axis has been termed by Gauss 
the earth’s magnetic axis. It is an interesting question to 
determine the motion of the axis during the past two or three 
centuries; and the author attempted to solve this problem 
as far asis possible with the data at present at command. 

In No. 12 the author stated that no formule had until 
now been found by which the diurnal range of the magnetic 
declination, for example, could be computed for various por- 
tions of the earth. He had recently found the following 
most simple formulz to hold true within the fluctuations to 
which the quantities, themselves are subject: 


3, = 2’.58 sec*y (1) 

6.1 

(2) 
1+ 3sin’¢ 


where 7, = diurnal range of declination, 
8, = diurnal range of inclination, 


¢g = magnetic latitude found from the equation 
1 
tang =-, tan J, 
I= magnetic dip. 


Equation (1) was found in the first place empirically, then 
under certain assumptions deduced theoretically. Equation 
(2) was then deduced theoretically and found to satisfy the 
data. 

No. 13 followed the theory of perturbations in the prob- 
lems of mechanics in the order of its historical develop- 
ment from Lagrange to Lie with a view to the final presen- 
tation of the theory in its just position as one phase of Lie’s 
theory of contact-transformations. 

No. 14 gave a brief bibliography of the Pythagorean 
proposition, and an algebraic solution in general terms of 
the equation 2’+y=2. It closed with an extensive 
numerical table of rational right-triangles. 

No. 15 expressed in terms of the three kinds of elliptic 
integrals some algebraic integrals which had, apparently, 
never been completely worked out. 
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No. 16 showed how to express the effect of a small differ- 
ence in the equatorial moments of inertia of the earth on 
the period of revolution of the instantaneous axis of rota- 
tion around the axis of figure. A remarkable value was 
obtained for the average angular velocity of that revolution; 
and a formula was deduced for the difference in the equa- 
torial moments essential to explain the discrepancy between 
the observed and computed values of the Eulerian cycle. 

In No. 17 the case considered was that of no applied 
forces, or that in which there is conservation of moment of 
momentum. The problem is of practical interest in its ap- 
plication to the question of variation of latitudes on the 
earth. Several new theorems with respect to the motions 
of the mass were derived. 

No. 18 derived various properties of a class of functions 
which include the spherical harmonics as a particular case. 

No. 19 described the present annoying state of the subject 
matter of notation and codrdinate systems, especially in 
Mathematical Physics, and advocated the adoption of cer- 
tain standards and fundamental conventions. The matter 
will be considered again at the Boston meeting, wher a 
large number of representative mathematicians will prob- 
ably attend. 

No. 20 pointed out a certain complete quadrilateral whose 
properties throw new light on the theory of the Pascal lines 
connected with an inscribed hexagon of a conic. 

In No. 21 Professor Greenhill kindly consented to exhibit 
some stereoscopic views of certain interesting curves in 
space, and pointed out their bearing on some parts of the 
theory of elliptic functions. It may be mentioned here 
that the section is also indebted to Professor Greenhill for 
instructive remarks made in connection with many of the 
other papers. 

In the absence of their authors Nos. 1, 7, 11, 12, 13 and 
14 were presented in abstract by the Secretary, who also 
read No. 8 in full. No. 9 was briefly presented by Profes- 
sor Shaw. 

The semi-centennial meeting of the Association will be 
held in Boston, beginning August 22, 1898, under the presi- 
dency of F. W. Putnam. The officers elected for Section A 
are E. E. Barnard, of Yerkes Observatory, and Alexander 
Ziwet, of Ann Arbor. 

JAmMEs McManon. 

CoRNELL UNIVERSITY. 
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QUATERNIONS AS NUMBERS OF FOUR-DIMEN- 
SIONAL SPACE. 


BY PROFESSOR ARTHUR S. HATHAWAY. 


(Read before the Chicsgo Section of the American Mathematical Society, 
April 24, 1897.) 


Ove of my students* has shown that quaternions may be 
extended to four-dimensional space, the generalized versor 
operation of a quaternion being that of turning a directed 
line so that its projections on two given “ right-angled ”’ 
planes describe given angles in definite senses. One of 
these planes of a quaternion is its ordinary plane in three 
dimensions ; the other is that plane which is the locus of 
all lines through the origin perpendicular to the ordinary 
plane. Mr. Philip shows further that Hamilton’s method 
of assigning directed lines as the ‘‘ indices’’ of numbers is 
an extended Argand method in which the index of 1 is the 
fourth dimensional unit. Hamilton himself showed that 
the fourth proportional to three mutually perpendicular 
unit lines was ‘‘a species of fourth unit in geometry ” to 
which the number 1 might be assigned, but he did not fur- 
ther carry out this geometrical idea. 

Ihave found that when a line is turned as Philip describes 
the line itself describes a plane angle of the same magnitude. 
This fact leads to an interesting theory of parallel great 
circles of a four-dimensional sphere, viz., great circles that 
are everywhere equally distant with respect to great arc 
measurements. Two and only two great circles may be 
drawn through a given point of the sphere parallel to a given 
great circle ; of these one may be excluded by a definite con- 
vention, leaving one and only one proper parallel to a given 
great circle through a given point. Denoting the versor 
operation of a given quaternion by the directed arc of its 
turn then the turning value of this are is unaltered by 
translation in its own direction or parallel to itself. The 
associative law of products becomes thus a matter of in- 
stantaneous proof, since we may move the great are of any 
factor parallel to itself so that it begins where the preced- 
ing great arc ends. 

The algebraic theory of quaternions, which is based upon 
the multiplication table of the units 1, 7,7, k, and is inde- 
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pendent of geometry, lends itself most readily to the proof 
of the geometrical facts of four-dimensions. 

Let OW, OX, OY, OZ, be four mutually perpendicular 
unit lengths, and let any directed line whose components 
parallel to these units are wOW, zOX, yOY, zOZ, be num- 
bered p( = w+a2i+y4j+2k). Then all lines of the same 
length and direction are numbered the same and we may 
conveniently limit ourselves to lines emanating from the 
origin 0. Any line, line p, is Tp units in length. Also, 
line (p + q) is the diagonal of the parallelogram. whose sides 
are line p, line q, so that by taking the parallelogram law for 
adding directed lengths, we have, line p + line q = line (p + 
q).- Further, from the trigonometry with respect to lengths 
in a parallelogram, we have, if line p, lineq are inclined at an 
angle@: T(p + q)* + 2 Tp: Tqceos9. Comparing 
this with the identity T (p+ = Tp’ + Tq + 2Spkq, we 
find, cos 9 = SpKq/TpTq. Thus the condition that line 
p and line q are at right angles is SpKq = 0. 

We next undertake to give meaning to the multiplication 
of a directed line by a number, by the definition, 


p- line q = line pq 


We have at once, from the identity, Tpq = Tp- Tq: 


(a). The multiplier p lengthens any line in the ratio Tp: 1. 
Also, since the angle between lines q, pq is cos'Sp/Tp 
= <p, we have: 

(6). The multiplier p turns any line through a plane angle of 
magnitude < p. 

In particular, a positive or negative scalar leaves direc- 
tion unaltered or reverses it. Thus if 2’, y’, be any scalars, 
then q’ = z'¢ + y’pq is the number of any line in the plane 
of lines q, pq; also since p- line q' = line [ — y' Tp’-q + (2 + 
2y'Sp)-pq], this product is also a line of the same plane. 
Hence, 

(c). The multiplier p turns every line in the plane of one of its 
turns also in that plane, and always by the same amount, and in 
the same sense. 

Any multiplier p has therefore a system of planes of which 
one and only one contains a given line. Hence a line may 
be resolved in one and only one way into components in 
two given planes of p. Also, if line q’, line q” be such com- 
ponents of line q, then p line q’, p line q” are the like com- 
ponents of the product p line g. We thus arrive at a gen- 
eralization of Philip’s definition : 
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{d). The multiplier p turns any line so that its components in 
two given planes of p describe the turns of p in those planes. 
Let line r be perpendicular to the lines q, pq, i.e., let 

SrKq = 0, SrKpq = 0; then line pr is also perpendicular to 

these lines, since SprKq = 2SpSrKq — SrKpq = 0 andSprKpq 

= Tp’SrKq=0. The plane (r, pr) is therefore right 
angled to the given plane (q, pq). Let these planes be 

directed each in the sense in which p turns ; then when p, q, r 

change continuously in value these planes move continu- 

ously, and therefore move as a rigid figure since they are 
right-angled. We thus find (by taking p =i, g=1, r=j): 

(e). The relative direction of ‘the turns of p in any pair of its 
right-angled planes is the same as the relative direction of the 
turns from OW to OX and OY to OZ. 

There are two such relative directions, giving rise to two 
distinct systems of quaternions. We may regard the initial 
convention which selects one of these relative directions, as 
determining the direction of positive rotation round a directed 
plane azis. 

It is now obvious that the geometric elements of a qua- 
ternion are four: one for its tensor, one for its angle, and 
two for its directed plane through any given line. The 
direction of the right-angled plane is fixed by initial con- 
vention, and the directed plane through any other-line is 
fixed by (d). With such a system of quaternions, number 
any line 7; then limit ourselves to the space perpendicular 
to this line (vector space) and we have Hamilton’s system ; 
limit ourselves to a plane through the unit line and we have 
Argand’s system. 

When a directed great arc is moved so as to remain the 
are of a given quaternion either in the system founded upon 
the adopted or the contrary initial convention, we may call 
these different motions respectively parallel and contra-par- 
allel translation. When a rigid great arc is moved so that 
all of its points are, at any instant, at equal great arc dis- 
tances from their initial positions, we may call this motion 
equi-distant translation. Whatever is proved with respect to 
parallels holds also for contra-parallels, since we have only 
to change the initial convention in order to make parallels 
contra-parallels, and vice versa. 

Lemma. If a plane of p intersect a plane of p’ in a line, then 
the plane angle of their diedral angle equals the angle between the 
lines Vp, Vp’. 

For, let the line of intersection be line q; then, since Vp 
turns through a right angle in the same plane and sense as 
p, therefore line Vp-q is a line in plane p perpendicular to the 
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edge, line 9, and drawn in the direction in which p turns. 
Also, line Vp'-q is a similar line in plane p’ ; and the angle 
between these lines equals the angle between the lines 
Vp, Vp’. 
(f). Any great circle intersects two parallel great circles so that 
corresponding angles are equal. 
This follows immediately from the preceding lemma, the 
planes of the parallel great circles being planes of one qua- 
ternion and the intersecting plane the plane of the other. 


(q). Equi-distant translation is parallel or contra-parallel trans- 
lation. 

Take radius of unit length so that the measures of radii 
are versors. Let radius O@=line q, ete. Let Q’R’ be 
any equi-distant translation of QR to Q@. Let pq=r, 
p¢=r. Then <QR=< QR, = <p=<p'=4, say. 
Thus p= cos ¢ + «sin 0, p’ = cos? + psin 9, where «¢, p are 
known and unknown unit vectors. The condition of equi- 
distant translation is < RR'= < QQ or SrKr' = 
for all values of 0. This gives, 


— =0, =0, Tp =1, 


the equations of two planes and a sphere, in vector space. 
Hence there are in general only two equi-distant transla- 
tions of QR so that Q reaches Q. Since p=e« or p’=pis 
one solution, therefore a parallel translation is one equi- 
distant translation, and therefore a contra-parallel transla- 
tion is the other. It might seem that p should be indeter-: 
minate when the two planes coincide ; but this occurs only 
when «|| VqKq', and then the two planes become a com- 
mon tangent to the sphere, giving only one solution. This 
is also the only case in which the intersection of the two 
planes is tangent to the sphere and corresponds to Q’ lying 
on the arc QR. In other words: The parallel and contra- 
parallel of an are coincide when and only when they are drawn 
from a point of that are. 

It follows that in a quadrilateral formed by great arcs, if 
two sides are equal and parallel, the other two sides are equal and 
contra-parallel ; the adjacent angles of such a figure are supplemen- 
tary ; the great are diagonals do not intersect each other. 


RosE POLYTECHNIC INSTITUTE. 


| 
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NOTE ON THE INVARIANTS OF n POINTS. 
BY DR. EDGAR ODELL LOVETT. 


( Read before the American Mathematical Society at the Meeting of April 
24, 1897.) 


A FAMILy of n points in ordinary space has 3n —¢ inde- 
pendent invariants by a ¢ parameter Lie group. If the 
family is known to have p invariants there are then 


q=p—3n+t 


relations among these p invariants. In particular if the 
group be the six parameter group of Euclidean motions, 


(1) 


of r= 4 a system of n points has 3n—6 


where p= 32’ 
n(n — 
2 


independent invariants ; but obviously the mutual 


distances given by 
=1,2,--, 0. (2). 
are invariant by the group of motions ; hence there are 


relations among the 
The invariants of the system of x points are found by the 


integration of the complete system of simultanequs partial 
differential equations 


and this system has at least 3n — 6 solutions. 


Og Og O¢ 
Si = i = 
Si => i = 
(var 0, ~ (:, Oy, 0, (3) 
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Let n= 5; theng=1. An arbitrary function of the de- 
terminant 


[1 0 12 18 14 15) 
_|1 21 0 23 24 25). 
31 32 0 84 35)” 

|1 41 42 43 0 45 

|1 51 52 63 54 0} 


where 12, 13, ---, have the signification given by the identity 
and equation (2), is a general solution of the simultaneous 
system (3) forn=5. In particular the vanishing of 4 satis- 
fiés the system (3) and hence expresses the relation among 
the mutual distances of five points in space, a result known 
to Lagrange. The fifth order determinant 4,, the minor of 
4 with regard to the upper left hand corner element, equated 
to zero expresses the necessary and sufficient condition that 
five points be on a sphere. Similarly the vanishing of 
J,, and that of 4,,, give the conditions, respectively, that four 
points be coplanar and three points collinear. 

Construct the determinant 4 for n points and call it D. 
D = 0 is then a generalization of the theorem of Lagrange 
expressed: by J=0. This extension is warranted by the 
form of (3), the symmetry of J, and the fact that the invari- 
ants considered are absolute invariants. 


BALTIMORE, 
March 25, 1897. 


NOTE ON THE FUNDAMENTAL THEOREMS OF 
LIE’S THEORY OF CONTINUOUS GROUPS. 


BY DR. EDGAR ODELL LOVETT. 


(Read before the American Mathematical Society at the Meeting of Oc- 
tober 30, 1897.) 


Lie’s theory of continuous groups rests upon the follow- 
ing three fundamental theorems :* 


* See LIE: Vorlesungen iiber continuierliche Gruppen, herausgegeben von 
Scheffers, Leipzig, 1893, chapter XV; LIE: Theorie der Transformations- 
gruppen, bearbeitet unter Mitwirkung von Engel, Leipzig, Erster Ab- 
schnitt, 1888, chapters II, IV, IX, XVII; zweiter Abschnitt, 1890, chap- 
ter XVII; dritter Abschnitt, 1893, chapter XXV. 
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I. If the equations 
x! = t= 1,--,2 (4) 


determine «’ different transformations which form a group, 
then there exist , n equations of the form 


and also their solutions 


: 
A 


while the =,(x’) do not satisfy n linear homogeneous rela- 
tions 


with constant coefficients ¢,, ---, e,. 

Conversely, if » equations («) which represent o’ differ- 
ent transformations, satisfy r mn equations of the form (/3) 
and in consequence of these also r n equations of the form 
(7), if in addition for certain constant quantities a,’, ---, a,° 
there exist the equations 


ys SF, (i =1, --,n) 


and finally the determinant of the «,(a’) is different from 
zero and infinity, the equations («) represent a group. 
II. + independent infinitesimal transformations 


of 


generate an r parameter group in the case when the 
X,f,-, X_f, taken two by two, satisfy relations of the form 


(JA,) = Stu Xf (i, k= 1, r) 


with constant coefficients c,, and in no other case. This 
group contains the identical transformation and its trans- 
formations are inverse in pairs. 

III. 7* constants ¢,, determine the structure of an r pa- 
rameter group in the case when they satisfy the relations 


3a. = a,)=,(x, ) k= r) | 

| 
| 
| 
| 
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Cit Coit 0, 
r 


and in no other. ; 

The converse theorems of theorems II and III are also 
true. 

In his first investigations relative to finite continuous 
transformation groups, Lie attempted to prove that every 
r parameter group contains the identical transformation as 
well as r independent infinitesimal transformations and that 
it is generated by the latter.* He soon recognized, how- 
ever, that in his proof certain implied assumptions had 
been made relative to the nature of the functions involved ; 
accordingly he confined himself to those groups whose trans- 
formations may be arranged in pairs as inverse transforma- 
tions and showed that the theorem is true for such groups.+ 

Later Engel was able to construct in 1884 a finite continu- 
ous group which does not contain the identical transforma- 
tion and whose transformations are not inverse in pairs, 
namely the group 


ar (moda <1). 


Finally Lie found that the equations of every finite continu- 
ous group with 7 parameters can be derived, by introducing 
new parameters, and by ‘‘ analytische Fortsetzung,” from the 
equations of an 7 parameter group which contains the iden- 
tical transformation and r independent infinitesimal trans- 
formations, while its finite transformations arrange them- 
selves in pairs as inverse.{ 

It is the object of this note to call attention to a misap- 
prehension, if not an error, in an interesting paper “ On a 
law of combination of operators bearing on the theory of 
continuous transformation groups,” by J. E. Campbell, 
read before the London Mathematical Society, March 11, 
1897, and published in the Proceedings of that body, vol. 
xxviii., Nos. 593-601, pp. 381-390. 

Mr. Campbell takes a statement of the converse theorem$ 
of theorem II and formulates it as follows: If z,',---, x,’ is 
a point obtained from the point z,,---, z, by the operation 

*See Theorie der Transformationsgruppen, vol. 1, p. 165; Archiv for 
Math. og Naturvid., vol. 1, Christiania, 1876. 

t Math. Ann., vol. 16, pp. 441, et seq. 

t Theorie der Transformationsgruppen, vol. 1, p. 163, theorem 26. 

% Theorie der Transformationsgruppen, vol. 1, p. 158. 
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1+ X45, 


and is a point obtained from the point z,’, ---, 


by the operation F 
2 


Y 
14 


where 
and 


X, denoting the linear operator 


= 
i=1 


Ox, 


then x,”,--, 2," can be directly derived from the point 
Z,,°**, by the operation 


where 


provided that, for all values of k, 7, 


X,X,— X, Se ye Aye 

In Lie’s theorem the 4, »,», and ¢ are all constants; Mr. 
Campbell proposes to prove that the same result holds if 
they are any functions of the variables. The first step in 
the proof makes use of Lie’s theorem that any transforma- 
tion of the group may be obtained through repeated opera- 
tions with an infinitesimal transformation of the group; but 
by theorem II this is the case only when the c,, are con- 
stants and the infinitesimal transformations independent ; 
accordingly Mr. Campbell’s theorem cannot be regarded as 
established. 

The constants ¢,, which are here in question play a vital 
role in Lie’s theory. They are said to determine the struc- 
ture of a group. In his method for the resolution of alge- 
braic equations which admit of a given substitution group, 
Galois referred the problem to the resolution of a series of 
auxiliary equations of which the number and nature depend 


1+Z+ 
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on the structure of the substitution group. Similarly Lie 
makes the integration of a system of partial differential equa- 
tions which admits of a finite continuous group of transfor- 
mations depend upon the integration of a series of auxiliary 
systems, and the number of these systems, their nature and 
‘ the way in which they are related to one another depends 
on the structure of the continuous group. The importance 
of the structure of finite continuous groups is further illus- 
trated in Picard’s theory of linear differential equations and 
more generally in the theory of differential equations which 
admit of a fundamental system of integrals. 


PRINCETON, N. J., 
1 October, 1897. 


A GEOMETRICAL LOCUS CONNECTED WITH A 
SYSTEM OF COAXIAL CIRCLES. 


BY PROFESSOR THOMAS F. HOLGATE. 


(Read before the American Mathematical Society at its Fourth Summer 
Meeting, Toronto, Canada, August 16, 1897.) 


Suppose there be given a sheaf or pencil of rays whose 
centre is P and a system of coaxial circles lying in the same 
plane. Two rays of the sheaf will be tangent to each cir- 
cle of the system and two circles of the system will be 
touched by each ray of the sheaf. If we start with any one 
circle of the system k, and one of its tangent rays m,, it is 
easy to determine the second circle k, to which this ray is 
tangent, then the second ray m, tangent to k,, then the sec- 
ond circle k, to which m, is tangent and so on indefinitely, 
the circles and rays forming a continuous chain. Whether 
or not this chain of circles and rays will return into itself 
depends upon the location of the centre P with respect to 
the system of coaxial circles and I undertake in the present 
paper to find the locus of the point P for which the chain of cir- 
cles and rays will close with three circles and three rays. 

In other words, I undertake to find the locus of points 
through which three lines can be drawn tangent to three 
circles of a coaxial system in pairs. 

Any two circles and a pair of common tangents form such 
a closed circuit containing two elements of each kind and 
the point P may be any one of the six vertices of the com- 
plete quadrilateral formed by the four tangents common to 
the two chosen circles. 
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The problem before us resolves itself largely into one 
of elimination and in order to make the elimination as 
simple as possible I shall confine myself to the considera- 
ation of the case in which two of the circles are equal. 
This limitation upon the circles does not, however, particu- 
larize the locus, since a point which admits one such trip- 
let of lines through it admits also an infinite number of 
such triplets. In order, too, that the rays may all be real 
in a system of threes we shall assume that the circles have 
real intersections. 

Let the three circles of the closed circuit be represented 
by the equations : 


(1) 
(2) 
(3) =0; 
and the three lines by 

(1) y—m,x—e,=0, 
(2) y—m,z—c,=0, 
(3) y—m,z—c, = 0, 


the codrdinate axes being the radical axis of the system of 
circles and the line of centres. 
_ The condition that line (1) may be tangent to circle (1) 
is 
— 2m, ek, +7=0, 
that line (1) may be tangent to circle (2) is, 
+ 2m,¢,k, +h + =0, 
that line (2) may be tangent to circle (2) is, 
+ 2m,¢,k, +k? + =0, 
that line (2) may be tangent to circle (3) is 
m,'o? — 2m,¢,k, —¢2 +h +? =0, 
that line (3) may be tangent to circle (3) is 
m,  — 2m,e,k,—e +h? + & =0, 
that line (3) may be tangent to circle (1) is 


mo — eZ + =O. 
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If now we eliminate the m’s, e’s and k’s from the equations 
of the three lines and the six conditions of tangency we 
shall obtain the locus of the point of concurrence of the 
tangents. This elimination is clearly possible. 

Proceeding with the elimination we may substitute the 
values of ¢,,c, and ¢,, derived from the equations of the tan- 
gents, into the six conditions of tangency and so obtain 


(1) + 2k, — 2?) + + (7? — 7) =0 
(2) — 2k, x — 2”) + =0 
(3) — 2k, — + 2y(a+hk,)m,+ (? =0 
(4) + 2h, 2 — x”) + 2y(4—k,)m, + +k —y’) =0 
(6) + 2k, — 2”) + 2y(a —k,)m, + +h =0 


six equations from which to eliminate the three m’s and the 
two k’s. 

It will be observed that the values of m, derived from 
equation (2) are the same as the values of m, derived from 
equation (3); that the values of m, derived from equation 
(4) are iae same as the values of m, derived from equation 
(5); and that the values of m, derived from equation (6) 
are the same as the values of m, derived from equation (1). 
This is accounted for, of course, by the cyclic arrangement 
of the tangents. 

From equations (1) and (2), k, being assumed different 
from zero and y — ™m,z or ¢, also different from zero (since 
a zero value of ¢, is inadmissible for real intersections) we 
derive m, = 0 and hence 3 + k,? — y’ = 0, as is also easily 
seen geometrically. 

The three tangents being distinct m, and m, must be dif- 
ferent from zero, since m, = 0, and hence : 


9 
i 
From equation (3), m,= 
9 

and from equation (6),m, = — 


2k x — x’ 


These then must be the roots of equations (4) and (5). 
Therefore, 


+ ky) 


2h x — 2? 


2x? 
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2y(x + k,) 


Making use of the relation + y’=0 previously 
obtained, these equations reduce to 


B. 


The result of eliminating /, from equations A and B is: 
+) (P4274 Qry) 4+ 2? —2Qzy) (8 + 2? — 
(8 + a? + Qdy) + 26x? + + 42’y*) = 0, 


the locus sought. 
If, however, we eliminate x and y from 


(1) either — y° =0 or 2? + 2ry=0, 
(2) —y=0, 
and 


(3) either equation A or equation B, 
we find that these can only be satisfied in case i, = +k,, 
that is, in case the third circle coincides with either one 
or the other of the first two. Hence, 


neither 
nor +4 2+ 2ry= 0 
constitutes a part of the proper locus. Moreover, the last 
factor in the complete locus vanishes only for imaginary 


values of x and y, so that the proper locus of P for which 
real constructions are possible is 


+ 2’? + Qty = 0, 
namely, a pair of parabolas symmetrically situated with re- 
spect to both coordinate axes, each having a point of inter- 
section of the circles for focus and the line of centres for 


directrix. 
Also, eliminating x and y from 


(1) 
(2) =0, 
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and 

(3) either equation A or equation B, 

we find the following relation to exist among the circles 
when the circuit of threes is complete, viz: 


— 40k? —40k? 


an equation, in which two of the values of k, in terms of k, 
and 6 are imaginary and the other two equal and of oppo- 
site signs. 

The magnitude k,, and so the centre of the third circle, 
can, however, be more easily obtained geometrically, as is 
seen from the following: 

The equation of the proper locus is 


P+ 2dy=0 


while y = “d’ + k,’=1,, the radius of one of the equal cir- 
cles, so that 2’ = 2dr, — 6, 


From equation A, 
which, after substituting the above values for x’ and yin 
the right hand member, becomes 


That is, the straight line joining any chosen point of the proper 
locus with the corresponding point of intersection of the system of 
circles intersects the line of centres in the centre of the required third 
circle which, together with the two equal cireles pertaining to the 
chosen point, completes the circuit. 

The locus of points, whose period in the proposed sequence 
of rays and circles is three, is thus seen to resolve itself into 
a pair of parabolas, while the invariance of the anharmonic 
ratio of four rays under projection yields immediately other 
such triplets of rays through a point of the locus. The pro- 
jective extension of this result is sufficiently interesting to 
invite further investigation of a more purely geometric sort, 
and perhaps it is even more desirable to study and tabulate 
corresponding loci for periods four, five, ete., and to this sub- 
ject I hope to return in a subsequent essay. 

NORTHWESTERN UNIVERSITY, EVANSTON, 

August, 1897. 
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k. 
| hy 


68 LINE IN AN N SPACE. [Nov., 


CONDITION THAT THE LINE COMMON TO N—1 
PLANES IN AN N SPACE MAY PIERCE A 
GIVEN QUADRIC SURFACE IN THE 
SAME SPACE. 


BY DR. VIRGIL SNYDER. 


(Read at the Detroit meeting of the American Association for the Ad- 
vancement of Science, August 10, 1897. ) 


Tus note is a generalization of a proof given in a recent 
paper * of the geometric significance of the sign of a certain 
determinant. This determinant was the combinant of four 
linear spherical complexes ; the spheres common to the four 
complexes are real when the combinant is negative. 

When applied to linear line complexes, which can be de- 
rived from the spherical by an imaginary transformation, 
I subsequently found, by another method, that the corre- 
sponding determinant is positive when the lines which cut 
four given ones are real. 

The law is general, and will apply to determinants of odd 
order, and to imaginary transformations. 

n+1 
(1) Let Sa,.2,=0 [k=1,2,--, 2-1] 
i=l 
represent n—1 linear equations, homogeneous in n+ 1 
variables x,; these can be regarded as the equations of n — 1 
planes in space of x dimensions. 

Let the variables x, satisfy the homogeneous quadratic 
equation 
which may be regarded as the equation of a quadric surface 
in the same space. The »—1 planes will intersect in a 
line ; I propose to give the criterion for the reality of the 
two points in which this line pierces the given surface. It 
depends upon the sign of a determinant which may be de- 
fined as follows: 

Let 
(3) Oz, az, + Ynys =0 


~ * “Criteria for nodes in dupin’s cyclides,” Ann. of Math., vol. 11, No. 
5, p. 137 fff. 
¢ Bulletin Amer. Math. Soc., vol. 3, No..7, p. 247 ff. 
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be the equation of a plane ; make it identical with 


+ 4,4, + = 95 


then 

_ __ de 
(5) = ox, oz,’ = 
From (5), 

‘Oz,’ n+1 “atl — 

hence 

n+1 +1 Oe 

= Va =2¢(2). 
(6) Oz, ¢(2x) 

Differentiating (6), 
n+1 
(7) > (a,da, + a,dz,) = 2d¢. 
i=1 
= 

Again, from (5), a,dc,= On dr,, hence 

n+l Oe 

(8) ~ ar, dx, a,dx,=dg, 
then, from (7), 
n+1 
(9) > 2,da,= dy. 


From (5), z,is a linear function of a,---a,,, and dg is a 
complete differential, hence 


where ? is a homogeneous quadratic function of a, such 
that 
g(x) = and z,= when 
a.= ay 


n+1 ov 
dg=wWN 
Oa, da, 
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The combinant of the surface ¢(z) = 0 and the n—1 
planes (1) is of the form 


?(a,) %(a,, a,) - 4,1) 
%(a,, a,) ?(a,) 

| 

where %(a,) is # function of the coefficients of the * plane 


(1): t.¢.,k=%, and a,,) => O(a, a,). 


H= 


The problem of finding # when ¢ is given in its general 
form is coextensive with reducing ¢(x) to the form 


(10) > =0. 


As every quadric can be reduced to this form, the proof 
will be restricted to it. (Negative terms in (10) will be 
considered later.) Solve the system (1) for any n—1 of 
the variables, as x,, --- x,_, in terms of the other two, 2,, 2,41. 
The general term will be 


t 
* a + 1) 


where D is the determinant (a,, ---a,_;,,-,) and ( ) is what 
this determinant becomes when the 7" column a; , has been 


replaced by a, , [k == 1, 2,--n — 1]. 
Substitute these values for x, from (11) in (10); this gives 


The roots of this equation are real and distinct, real and 
coincident, or imaginary, according as 


Be 


| 
: 
n+l | 
t=1 
| 
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+>] +7] 


is positive, zero, or negative. 
This expression can be re-arranged into the form 


=~ (3) +2 (n41) +7] 


The elements of H are now 


n+l 


n+1 
%(a,) a; P(a,,4,) = =a 
= 


H can be expressed as the product of the two rectangular 
arrays 


Gy+1,2 


which, when developed, gives 


a= [3 (051) +7] 


+ terms of the form T,, where 


Then A=—DH. 


The points are rec!, coincident or imaginary, according as 
H is negative, zero or positive. So much for the case when 
all the terms in (10) are positive, but it is not always pos- 
sible to reduce (2) to the form (10) by a real transforma- 
tion. A real transformation can always reduce it to the 
sum and difference of squares, where the excess of terms of 
one kind over those of the other is a constant, then a pure 
imaginary transformation to the form (10). 


= Ch. Muir’ s Determinants, p. 309 ff. 


| 
| 
| 
| 
| 
| 
| 
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Suppose that any one term, as x,’ has a negative sign in 
(10); the corresponding terms in H are also negative. 
Now, by making the transformation z, = z,’ [»=1,---n +1, 


ve 

x, = iz’, the form is reduced to (10); the modulus of this 
transformation is i, hence to preserve the reality of the com- 
mon elements H should be multiplied by — 1 for every nega- 
tive term that appears in (10). Further, it makes no dif- 
ference whether (10) has m positive and n + 1 — m negative 
terms, or conversely. If n-+ 1 is even, both of these num- 
bers are odd or even together; if n+ 1 is odd, they would 
be different, but H is now of odd order, and the sign of 
every term would also be changed. The two changes of 
sign would be neutralized, hence : 

The line common to n—1 planes in space of n dimensions 
pierces a given quadrie surface in the same space in points which 
are real, coincident or imaginary, according as (—1)**'- H is 
positive, zero or negative, where h is the number of negative 
terms which appear in the equation of the quadric when it 
is reduced to the algebraic sum of squares, and H is the 
combinant of the surface and the planes. 

Applications. n= 2. 

Let ¢ (4) =2;—42,2,=0; find the points where the 
curve cuts a,2, + @,2, + 4,2, = 0. 


9° 
22,2, — 42,2, —32,4a/ =0. 


h = 1, hence the points where the line a,z, + a,7,+ +0 
cuts the parabola are real when a,’> a,a,. 

In line codrdinates, n = 2 would express whether a given 
point lies within or without a given conic. 

n = 3. Two planes and a quadric surface; this case is 
self dual. 

Points common to two circles (in tetracyclical codrdi- 
nates). 

n= 4. Points common to three spheres (pentaspherical 
coordinates ). 

Circles cutting three given circles ¢,,c,,c, at given angles 

"n= 5. Lines cutting four given lines, or belonging to 4 

linear complexes. 


54,=22/ 54,=> —42,. 
= 7 —13, 
| 
| 
| 
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Spheres cutting 4 given spheres s,, s,, s,, 3, at given an- 

H contains the determinant formed by the discriminant 
of y, bordered with the coefficients of the planes as a factor. 
This expression is of the same degree as H, both in a, , and 
the coefficients of ¢, hence the remaining factor is numer- 
ical. By comparing corresponding terms in the two ex- 
pressions, this is seen tobe +1. The sign to be prefixed 
depends upon fA in both cases, but the H method has two 
advantages, viz.: 

H is of order n —1; the bordered discriminant is of or- 
der 2n. 

H appears in many other connections; the bordered dis- 
criminant would have to be calculated for this purpose. 


CORNELL UNIVERSITY, 
July 19, 1897. 


FLUID MOTION. 


Hydrodynamics. By Horace Lams, F.R.S. Cambridge 
University Press. 1895. 8vo., pp. 604. 


The appearance of a new treatise on any branch of higher 
mathematics rarely calls for anything else than congratula- 
tions to the author, and the volume before us is no excep- 
tion to the rule. The problems of hydrodynamics present 
so many difficulties and the opportunities for students to 
obtain a connected view of them are so rare that any addi- 
tional help is valuable. Professor Lamb, however, has 
gone much further than merely producing a continuous ac- 
count of the subject as it stands at the present time. He 
has given us a treatise which will easily rank first amongst 
those in the English and perhaps in any language. The 
only other English treatise of the same scope, that by Bas- 
set published in 1888, although an advance on those which 
had previously appeared, rather suffers by comparison, 
both in its plan and the manner in which it is carried out. 

In looking over the list of authors which Professor Lamb 
gives in an index, we are struck by the frequency with 
which four or five names occur, and a closer examination 
of the references attached to other names reveals the fact 
that the mathematical development of hydrodynamics has 
been almost entirely due to these four or five writers. It 
must be concluded from this, either that some cause has 
prevented all but a very few mathematicians from seriously 
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attacking it, or that, of those who have attacked it, few 
have been able to materially advance it. Whether this 
is mainly due to the inherent difficulties of the subject or 
to some other cause, it is not easy to say. Hydrodyna- 
mics certainly seems to present more possibilities of further 
development to pure and applied mathematicians than 
many other subjects which have been more frequently at- 
tacked. But one cannot help thinking that another factor 
has had far more influence in giving direction to the work 
of a student entering the field, namely, the manner in 
which the subject is presented to him for the first time. 

It is customary to introduce almost every branch of 
physics either from the experimental side or by means or 
an elementary text-book setting forth the main ideas on 
which the development is made, the reading of the text- 
book going sometimes with and sometimes without experi- 
mental demonstrations. The mechanics of particles and 
rigid bodies, hydrostatics, sound, heat, geometrical and 
physical opties can all be approached through elementary 
text-books and from them it is not difficult for the student 
to obtain sufficient to enable him to deal intelligently with the 
experiments or, if he has received a mathematical training, 
to proceed to the higher treatises. In electricity and mag- 
netism the number of such books is enormous. But in 
hydrodynamics, the case is quite different. Except where 
an individual instructor or professor may happen to have 
the ability and inclination to present it to the student in a 
form in which he can get the ideas without being obliged to 
devote his attention mainly to difficulties of analysis—and 
such men appear to be rare—there are only two courses 
open. One is to read it in the manuals, written for the 
practical engineer, in which the theory is scarcely touched, 
the other is to approach it from the mathematical side en- 
tirely, the applications coming only after the difficulties of 
the general theories have been mastered. For the latter 
course Lamb’s and Basset’s treatises are available ; Besant’s 
hydromechanies contains only a short account. Thompson 
and Tait’s Natural Philosophy also contains certain parts of 
the subject. In French and German books. fluid motion is 
generally treated as a part of theoretical dynamics with 
very few applications to problems. 

That a beginner should be thus restricted in his efforts to 
obtain a grasp of this subject can hardly beright. When so 
much is done in other branches towards the explanation of 
fundamental theories and methods, it can scarcely be un- 
reasonable to ask for a small or medium sized book in which 
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the ideas underlying the modern treatment of fluid motion 
shall be dealt with more fully than is possible in a higher 
treatise. Such terms as flow, circulation, molecular rota- 
tion and the like, are more than mere names for mathemat- 
ical formule and they could surely be treated without loss of 
rigour from the physical point of view. Indeed many hints 
of such treatment are to be obtained from the papers of Lord 
Kelvin, Stokes and others. Again, many of the applications 
which lie nearest to us, such as the tides and wave-motion 
when the squares of small quantities are neglected, should 
be capable of being explained by reducing the results to har- 
monic motions—a method already successfully used in other 
subjects. In the cases where the mathematical investiga- 
tions are complicated or difficult no harm will be done by 
giving results’along with.a careful explanation of their limi- 
tations, e. g., the lines of flow of a liquid past an obstacle, 
the motions of the particles in simple wave-forms, the gen- 
eral properties of a vortex ring, etc. May we not fairly ask 
one of our prominent mathematical physicists, in the inter- 
ests of the subject, to supply this want. It is perhaps some- 
what the fashion to decry attempts to popularize the higher 
regions of science, but there is little doubt that the stimulus 
created by the interest of a large number of students, has 
indirectly a beneficial effect on the subject by bringing to it 
more of those who are or hope to be engaged in research and 
especially those, at present devoted to pure mathematics, 
whose assistance might be of the greatest value. 

In making this appeal there is no desire to depreciate the 
text-books and treatises which have hitherto been published. 
Each has its own special object in view—the practical text- 
book for the engineer or the mathematical one for the stu- 
dent of pure science. What seems to be required is one 
which occupies a place intermediate between these two 
classes, a book which, while keeping in view the practical 
applications of problems hitherto attacked with some suc- 
cess, shall also fully explain the elements of the methods by 
which the problems are treated, special stress being laid on 
giving, wherever possible, a “‘ picture view ” of what is con- 
sidered to actually take place when the fluid is in motion. 

But we must return to our main topic. In his preface 
Professor Lamb states that the new volume may be regarded 
as a second edition of his “‘ Treatise on the Mathematical 
Theory of the Motion of Fluids,” published in 1879. The 
alterations and additions, however, have been so extensive 
that he has thought it right to change the title. In fact, the 
new work is more than twice as large as the older one. 
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Three new chapters have been added. One, on Problems 
in Three Dimensions, chiefly contains matter which has ap- 
peared in scientific journals since 1879, and it gives a fair 
idea of what progress has been made in this direction. The 
earlier chapter on Waves in Liquids, consisting of 28 pages 
has veen expanded into two long chapters of about a 
hundred pages each. A new chapter has also been added 
on rotating bodies of fluid—a subject quite untouched in 
the earlier edition. 

These additions do not by any means give a complete 
idea of the new volume, for so many improvements in de- 
tails have been effected, especially in the matter of refer- 
ences, that we hardly recognize the ancestor. Professor 
Lamb’s success in keeping the mathematics in a subordinate 
position, without loss of rigour, and in bringing forward 
physical interpretations of the formulae, has been well main- 
tained. His theoretical treatment is, as might be expected, 
on the lines of the most recent methods, and he has given so 
many applications to every-day problems that we are al- 
most tempted to lose sight of how much remains to be done 
in what has already been achieved. In fact, the main fea- 
tures of most of the recent as well as of the earlier work, 
with some few exceptions, have been included, and where 
omissions are intentionally made, full references are given. 

Coming to a more detailed examination, we find in the 
first chapter the development of the usual equations of mo- 
tion, attention being also paid to expressions for the energy 
and the impulsive generation of a given state of motion. 
The importance of the latter in separating rotational from 
irrotational motion, insisted on by Lord Kelvin, is devel- 
oped at the beginning of Chapter II., where the notion 
of a velocity potential is first introduced. It is here that 
Professor Lamb has made an innovation which, as he him- 
self admits, is open to criticism, namely, the changing of 
the sign of the velocity potential. The question is similar 
to that of the universal introduction of the metric system, 
and the arguments in favor of a change seem much less 
strong. The point at issue is whether the trouble caused by 
making the change is fully compensated in the advantages 
gained. The rest of the chapter is mainly occupied with 
the integration of the equations in special cases, e. g., those 
of steady motion and the efflux of liquid from a tank. 

Chapter III., on Irrotational Motion, is mainly an essay on 
Green’s theorem with Lord Kelvin’s extension, some theo- 
rems on sources and sinks being added to the corresponding 
chapter in the earlier volume. In’Chapter IV, on the mo- 
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tion of a liquid in two dimensions, full use is made of the 
properties of the complex variable and of conform repre- 
sentation. The proofs of these properties might well have 
been omitted. It is true that in 1879 no text-book in the 
English language on the Theory of Functions existed, but 
the same cannot be said now. The examples have been 
greatly improved by drawings of the stream-lines in the 
various cases. One of the most interesting of the latter is 
the case of a stream impinging on a flat rectangular board ; 
the tendency of the board to turn its flat side to the stream 
is fully explained. Several examples of this tendency in 
the motion of a boat, are given by Thompson and Tait, Art. 
325. The rules followed by coxswains of eights on the Cam 
and probably on other narrow winding rivers, appear to 
be due to the same cause. 

The problem is this: What is the best method of steering 
an eight-oared boat when racing round a sharp bend in a 
narrow river? The rules usually given are, first, that the 
coxswain should approach the corner from the farther side 
of the river ; secondly, that he should start to turn as late 
as possible, and, thirdly (this is very frequently forgotten), 
if the bend be a sharp one, that be should start to turn al- 
most suddenly and not gradually. If these rules be fol- 
lowed, it is found that only a very slight use of the rudder 
is necessary after the boat has once begun to turn. Should 
the coxswain take the corner badly, by starting to turn too 
gradually, the boat will tend to travel across to the outside 
of the bend and the rudder has to be put “ hard on” the 
whole way round, thus stopping the “ way” of the boat. 

The explanation of these rules appears to be due to the 
couple tending to turn the boat broadside on to its direction 
of motion. The magnitude of this couple varies approxi- 
mately as the angle between the boat’s length and the di- 
rection of motion of the boat as a whole. Hence, in order 
that the couple may have as great an effect as possible 
throughout the turn, the angular velocity of the boat about 
a vertical line should be increased to its maximum as soon 
as possible. In other words, the rudder should be so used 
that the boat may start to turn round as quickly as possible; 
after attaining its maximum angular velocity, the couple 
will tend to assist it in turning and thus the necessity of 
afterwards using the rudder very much will be avoided. 
This is usually best attained by getting the tiller over rap- 
idly but not so suddenly as to stop the way of the boat. 
Hence, in steering round a bend whose greatest curvature 
is at the centre of the bend (this is generally the case), the 
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boat should be taken to the outer side of the river and the 
start to turn made rather late, so that the angular velocity 
may be got up quickly and the time occupied in turning 
made as small as possible. 

When this angular velocity is obtained the bow will be 
slightly turned towards the inner bank owing to the mo- 
mentum of the boat sideways (that is, in a sailing boat, the 
leeway) tending to carry, it to the outer bank. 


fe 
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The diagram shows the course of the boat, the dotted 
lines representing the motion of some central point (the 
centre of mass, or “ centre of reaction ’’) of the boat, and the 
straight lines, the general angular direction, somewhat ex- 
aggerated, of the boat’s length to its course. The arrows 
show the direction of motion. 

The chief problems considered in chapter V., on the Irro- 
tational Motion of a liquid in three dimensions, are the mo- 
tion of one sphere, of two spheres and of an ellipsoid, in an 
infinite liquid. The next chapter deals mainly with the 
dynamical theory of the motion of solids through a liquid 
in the cases where a velocity potential may still be sup- 
posed to exist. The additions consist of an account of the 
method of using generalized coordinates, with some applica- 
tions and several new problems. 

In treating of Vortex Motion, Professor Lamb onfines 
himself chiefly to the main propositions and theorems. Af- 
ter giving several proofs of the fact that vortex lines move 
with the fluid and pointing out the mathematical analogies 
with electromagnetics and with the conception of sources 
and sinks, a few articles are devoted to the impulse and en- 
ergy of a vortex system. The chief interest of vortices lies 
in the vortex rings adopted by Lord Kelvin to formulate a 
theory of the constitution of matter. For analytical rea- 
sons, these rings have to be treated chiefly as having sec- 
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tions small in comparison with their diameter, and hence, 
for many purposes, the consideration of them is the same as 
that of rectilinear vortices. This part of the subject has 
now almost a literature of its own, one complete volume, 
that of Poincaré “‘ Théorie des Tourbillons’’ having appeared 
last year. Professor Lamb has entirely omitted the inves- 
tigations of Professor J. J. Thomson and has merely given 
one or two special examples. We cannot but think that 
this chapter might have been made more interesting with- 
out adding very much to its length. The. strongest im- 
pression conveyed is that the vortex is a mere mathemat- 
ical abstraction. 

The two chapters on Tidal and Surface Waves respec- 
tively are in striking contrast to that just noticed. The 
happy combination of the results of theory and observation 
and the completeness of the treatment without tedious de- 
tails, show Professor Lamb at his best. A glance at the 
topics selected will indicate the scope of the two chapters. 
In the former we have the Canal theory of the Tides, waves 
in a canal of variable section, waves of finite amplitude, 
propagation of waves in a sheet of waves, the tidal oscilla- 
tions of a rotating sheet of water (which contains new mat- 
ter) and a short appendix on tide-generating forces. The 
chapter on Surface Waves deals with waves on a sheet of 
water or a straight canal, trains of water, waves of finite 
amplitude, standing waves, the oscillations of a spherical 
mass of liquid, and capillary waves. One or two points call 
forremark. In several places the motions are characterized 
as being ‘‘ infinitely small” when it is simply meant that 
small quantities of the second and higher orders are 
neglected ; in one case (Art. 178), the small quantity is 140 
feet, 10000 feet being considered a finite quantity. This 
misuse of the word “infinitely,” is unfortunately only too 
common in physical text-books. The investigation in Art. 
206 is not altogether clear. The arguments for the exist- 
ence of free oscillations in a canal of any section as ex- 
pressed by a Fourier’s series for the part of the velocity 
potential which is independent of the time, appear to be 
somewhat vitiated by the neglect of the possibility of satis- 
fying the surface conditions under the particular assump- 
tions made. 

Waves of Expansion which chiefly concern the theory of 
sound, and Viscosity which may be considered as a comple- 
ment to Chapter VITII., follow. Finally, we are given a 
rather brief account of the equilibrium of rotating masses of 
liquid. Professor Darwin’s figures of the various forms of 
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Jacobian ellipsoids are reproduced, but the investigations of 
Darwin and Poincaré on other possible forms receive little 
more than a passing mention. 

The author is to be congratulated on the completion of a 
task which will earn him the gratitude of all those who are 
now or may in the future be interested in hydrodynamics. 
The manner in which his materials are put together and 
the fact that he never loses sight of the practical applica- 
tions make the book unusually interesting ; the large num- 
ber of references will enable anyone to find out all that has 
been done in any branch. In fact, although the volume is 
a bulky one, we cannot but regret that it has not been 
divided into two and extended by including the investiga- 
tions noted above as omitted, and by giving a much fuller 
index of subjects. 

Ernest W. Brown. 


NOTES. 


Tse Toronto Meeting of the British Association for the 
Advancement of Science, held August 18-25, like the Mon- 
treal meeting of 1884, proved a very gratifying success. The 
attendance was about 1,300 as against 1,700 at the Montreal 
Meeting. The papers presented were in number and value 
well up to the Association’s standard. The meetings of the 
American Botanical Society, the American Society for the 
Promotion of Engineering Education, and the AMERICAN 
MATHEMATICAL Society were held in Toronto immediately 
preceding the Association Meeting, and many members of 
these Societies remained to attend the session of the Asso- 
ciation. Many members of the American Assgciation were 
also in attendance, a large number coming directly from De- 
troit after the adjournment of the American Association in 
the preceding week. In all about 250 Americans were pres- 
ent, to whom a cordial reception was extended by the Asso- 
ciation throughoutthe proceedings. They participated freely 
in the general and sectional meetings ; a considerable num- 
ber were placed on important committees ; and several were 
appointed vice-presidents. 

The officers of Section A,—Mathematical and Physical 
Science —, were: President, Professor A. R. Forsyta ; Vice- 
Presidents, Professor W. E. Ayrton, Professor G. C. Foster, 
Professor O. Henricr, Dr. G. W. Hitt, Professor A. JoHNn- 
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son, Lord Ketvin, Professor 0. J. Lopcr, President Lov- 
DON, Professor A. A. MicHELson, Professor Suton NEwcoMB; 
Secretaries, Professor W. H. Heaton, J. C. Guiasnan, J. L. 
Howargp, Professor J. C. McCie.xian, Professor J. G. Mc- 
Grecor. The Presidential Address, which has since been 
published in Nature, was an able and timely statement of 
the function of mathematical science, its place among sister 
sciences, and its claim to be studied and developed for its 
own sake. The meetings of the Section extended through 
five days, and over sixty papers were presented. The fol- 
lowing are the titles of the mathematical papers: ‘‘ Report 
of the Committee on tables of certain mathematical func- 
tions ;” ‘‘On the solution of the cubic equation,” by Profes- 
sor ALEXANDER MACFARLANE ; “ The historical development 
of the Abelian functions,” by Dr. Harris Hancock ; ‘On a 
notation in vector analysis,”’ by Professor O. Henrict ; ‘‘ New 
harmonic analyses,” by Professor A. A. MicHELson and Mr. 
8. W. Srratton ; “The quinquisection of the cyclotomic 
equation,” by Mr. J. C. GrasHan. The next meeting of 
the British Association will be held at Bristol, England, 
in August, 1898, under the presidency of Sir WiLtL1AM 
CROOKES. 


Dvurine the winter semester 1897-98, the several univer- 
sities mentioned below offer the following mathematical 
courses :— 


University oF GéttTinceN. Professor ScHERING: Rie- 
mann’s functions; Mathematical-physical seminar.—Pro- 
fessor Voict: Mathematical-physical seminar.—Professor 
Hisert: Theory of numbers; Irrational numbers and quad- 
rature of the circle ; Focal properties of curves and surfaces 
of the second order ; Mathematical-physical seminar.—Pro- 
fessor ScHOENFLIES: Projective geometry ; Exercises in de- 
scriptive geometry ; Proseminar.—Dr. Bontmann: Theory 
of functions; The mathematics of life insurance; Mathe- 
matical exercises in the insurance seminar.—Dr. SomMER- 
FELD: Integral calculus with exercises ; Partial differential 
equations of the second order. 


University oF Lerpzic. Professor ScHEIBNER: Intro- 
duction to the analysis of the infinite; On curvilinear co- 
ordinates. —Professor NEUMANN: Mathematical seminar.— 
Professor Liz: Introduction to projective geometry ; Intro- 
duction to the theory of continuous groups with various 
applications ; Mathematical seminar.—Professor MAYER: 
General introduction to the theory of ordinary differential 
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equations; Mathematical seminar.—Professor ENGEL: 
Theory of algebraic equations and theory of substitutions ; 
Mathematical seminar. 


University oF Municn. Professor Baver: Analytical 
geometry of the plane; Theory of the algebraic plane 
eurves; Mathematical seminar.—Professor LINDEMANN: 
Differential calculus with exercises ; On the geometry of the 
line and of the sphere; Mathematical seminar.—Professor 
PrixcsHemm: Theory of functions; Elementary theory of 
differential equations with real variables.— Dr. DOHLEMANN : 
Descriptive geometry ; Exercises in descriptive geometry ; 
Synthetic (modern) geometry; Exercises in synthetic 
geometry.—Dr. v. Weser: Introduction to analysis; Ap- 
plication of differential calculus to geometry (Theory of 
curves and surfaces); Geometry of the circle and of the 
sphere. 


UNIVERSITY OF VIENNA. Professor v. Escuericu : Definite 
integrals and differential geometry; Mathematical prosemi- 
nar; Mathematical seminar.—Professor GEGENBAUER: 
Number geometry; Exercises in the mathematical seminar; 
Exercises in the theory and application of determinants (in 
the mathematical proseminar).—Professor Mertens: Ele- 
ments of the differential and integral calculus; Exercises 
in the mathematical seminar; Exercises in the mathemat- 
ical proseminar.—Dr. Koun: Analytical geometry ; Theory 
of projection.—Dr. Sersawy: Lectures on the mathematics 
of insurance, with special reference to the needs of adminis- 
trative and judicial officials.—Professor TAuBER: Algebraic 
functions and their integrals ; Introduction to the theory of 
Abelian functions; Mathematics of insurance; Exercises in 
insurance mathematics.—Dr. ZINDLER: Elementary theory 
of geometric properties, for beginners.—Dr. BLascHKEe: The 
application of the theory of probabilities to statistics and 
insurance.—Dr. ZstcmMonDy: Galois theory of equations.— 
Dr. DAUBLEBSKY v. STERNECK: General theory of surfaces ; 
Cyclotomy and Kummer’s numbers. 


University OF StrAsspuré. Professor Reve: Analytical 
geometry of space (modern methods); Mathematical 
theory of elasticity of solid bodies; Exercises in the mathe- 
matical seminar.—Professor WEBER: Theory of the Abelian 
functions; Introduction to higher algebra; Exercises in the 
mathematical seminar.—Professor Algebraic analy- 
sis and determinants; Analytical geometry of space ; Ordi- 
nary differential equations.—Dr. Krazer: Differential and 
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integral calculus ; Geometric applications of the differential 
and integral calculus; Analytical geometry of the plane.— 
Dr. TimerpING: Determinants and their applications in 
geometry ; On Euclidean and non-Euclidean geometry. 


Tue Macmillan Company announce the publication of “A 
Brief Intreduction to the Infinitesimal Calculus,” by Profes- 
sor Irving Fisher, of Yale University. This book is a com- 
panion volume to Cournot’s “ Mathematical Principles ’’ 
and is intended for readers of that work who feel the need 
of a mathematical key, and in general for those who wish to 
be able to read intelligently the rapidly growing literature 
in mathematical economics. Since as recent a date as 1890 
no less than seventy-five books and articles on economics 
have appeared in which the Calculus is employed. 


THE publication and sale of the autographed volumes of 
Klein’s Gottingen lectures has now passed into the hands 
of B. G. Teubner. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Dyck (W.). Ueber die wechselseitigen Beziehungen zwischer der reinen 
und der angewandten Mathematik. Festrede. Miinchen, Franz, 1897. 
4to. 38 pp. MK. 1.20 


GOETTLER (J.). Conforme Abbildung eines von concentrischen, gleich- 
seitigen Hyperbeln oder gewissen Kurven nter Ordnung begrenzten 
Flichenstiickes auf den Einheitskreis. Gekronte Preisschrift der hoben 
philosophischen Fakultiit (II. Section) der Kénigl. Ludwig-Maxi- 
milians-Universitit, Miinchen. ,Diss.] Miinchen, Straub, 1897. 
8vo. 75 pp. 

PEANO (G.). Logique mathématique. Turin, Bocca, 1897. 8vo. 63 pp. 

PICARD (E.) et Smmart (G.). Théorie des fonctions algébriques de deux 
variables indépendantes. (En 2 volumes.) Vol. I. Paris, Gauthier- 
Villars, 1897. 8vo. 6 and 246 pp. Fr. 9.00 

Pinna (S.). Sulle curve piane razionali e sui fasci che con esse si possono 
fare. Torino, Bona, 1897. 8vo. 59 pp. 

PiscHEL (C.). Eine Zusammenstellung von Aufgaben aus der analyti- 
schen Geometrie fiir die Prima des Gymnasiums. Teil I. Walden- 
burg, 1897. 8vo. 27pp. Mk. 1.20 

REPETTO (G.). Alcune applicazioni del metodo di Jacobi per I’ integra- 
zione delle equazioni differenziali. Sassari, Dessi, 1897. 8vo. 23 pp. 

RICHARD (J.). Leconssur les méthodes de la géométrie moderne. Paris, 
Société d’éditions scientifiques, 1898. 8vo. 242 pp. Fr. 6.00 

RoTHE (R.). Untersuchungen iiber die Theorie der isothermen Flichen. 
[Diss.] Berlin, Mayer & Miiller, 1897. 4to. 42 pp. Mk. 2.00 
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Srmart (G.). See Picarp (E.). 


SucHar (P.I.). Sur le probléme général de l’inversion et sur une classe 
de fonctions qui se raménent 4 des fonctions 4 multiplicateurs. 
[Thése.] Evreux, Hérissey, 1897. 4to. 51 pp. 


If. ELEMENTARY MATHEMATICS. 


Auey (R. J.). Contributions to the geometry of the triangle. ( Publica- 
tions of the University of Pennsylvania, No. 34.) Philadelphia, Univer- 
sity of Pennsylvania, 1897. 8vo. 32 pp., 1 plate. 


BeMAN (W. W.)and Smita (D. E.). Higherarithmetic. Boston, Ginn, 
1897. 8vo. 17and 193 pp. Half leather. $0.90 


Bork (H.), CRANTZ (P.), HAENTZSCHEL (E.). Mathematischer Leit- 
faden fiir Realschulen. ‘leil 2: Trigonometrie und Stereometrie. 
Leipzig, Durr, 1897. 8vo. 128 pp. Mk. 1.40 


Crantz(H.). See Bork (H.). 


DEIGHTON (H.) and EMTAGE (0.). An introduction to Euclid includ- 
ing Euclid I. 26. Explanations, easy exercises. London, Bell, 1897. 
12mo. 80pp. Cloth. 10s. 6d. 


DIEKMANN (J.). See Kopre (K.). 


DosBrRiNER (H.). Leitfaden der Geometrie fiir héhere Schulen. Leipzig, 
Voigtlander, 1898. 16 and 139 pp. Mk. 2.40 


EmTAGE (0.). See DEIGHTON (H.). 


Fink (K.). Sammlung von Siitzen und Aufgaben zur systematischen 
und darstellenden Geometrie der Ebene in der Mittelschule. 3ter 
Kurs: Ueber die Abbildung geometrischer Systeme. 4ter Kurs 
Einfiihrung in die Grundlehren der projektiven Geometrie. Als 
Hilfsbuch fiir die Schule bearbeitet. Tiibingen, Laupp, 1897. 8vo. 
24 and 268 pp. Mk. 4.00 


GUERIN (A.). Note di geometria per gli allievi della classe quinta ele- 
mentare. 3a edizione secondo i programmi 29 novembre 1894. 
Milano, Vallardi, 1897. 16mo. 23 pp. Fr. 0.15 


HAENTZSCHEL (E.). See BorK (H.). 


HoLzMANN (A.) und MassINGER (R.). Geometrische Anschauungs- 
lehre im Anschluss an den Lehrplan der badischen Oberrealschulen 
und Realschulen. Pensum der Klasse V. Karlsuhe, Reiff, 1897. 8vo. 
32 pp. Mk. 0.60 


Kopre (K.). Geometrie zum Gebrauche an hoheren Unterrichtsanstalten ; 
neu bearbeitet von. J. Diekmann. Teil 3: Der Koordinatenbegriff. 
Analytische Geometrie der Ebene. Mit zahlreichen Uebungen und 
Aufgaben. Essen, Baedeker, 1897. 8vo. 5and110pp. Cloth. 

Mk. 1.60 


LaIsANT (C. A.) eb PERRIN (E.). Applications de l’algébre él¢mentaire 
4 la géométrie ; 4 l’usage des éléves de la classe de premiére- sciences 
de V’enseignement moderne. Ouvrage contenant 770 énoncés de pro- 
blémes 4 résoudre. Paris, Delagrave, 1897. 18mo. 360 pp. 


MacnaB (J.). Trigonometry simplified. Solution of plane and spherical 
triangles, and application to problems in navigation and nautical a<- 
tronomy, including great circle sailing. New edition. London, Philip, 
1897. 8vo. 32 pp. Cloth. 1s. 
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MASSINGER (R.)}. See HotzmMann (A.). 


Minter (W. J. C.). Mathematical questions and solutions from the 
Educational Times. Vol. 67. London, Hodgson, 1897. 8vo. —_—— 


PERRIN (E.). See (C. A.). 


eT (P. von). 500 Aufgaben aus dem mathematischen Pensum 
der Untersekunda. Halle, Strien, 1897. 8vo. 28 pp. Hy 
. 0. 


ScHULZE (E. W. G.). Daszweite Jahr des geometrischen Unterrichts am 
Gymnasium. Meseritz, 1897. 8vo. 40 pp., 6 plates. Mk. 2.00 
ScHUSTER (M.). Aufgaben fiir den Anfangsunterricht in der Geometrie. 
Oldenburg, 1897. 4to. 41 pp. Mk. 2.00 


SEEGER. Organisation des Unterrichts im Rechnen und in der Arithme- 
tik. [Progr.] Giistrow, Opitz, 1897. S8vo. 3 and 45 pp. 


Mk. 0.50 
(D. E.). See Beman(W. W.). 
SrurM. Das Delische Problem. III (Schluss). [Progr.] Linz, Seiten- 
stetten, 1897. 


Ill. APPLIED MATHEMATICS. 


CHIARELLA (P.). Le principali questioni sull’equilibrio e sul movi- 
mento svolte come applicazione della matematicaelementare. Oneg- 
lia, Ghilini, 1897. 8vo. 86 pp., 1 plate. 


Dattet (G.). 180 de géodésie. Paris, Tignol [1897]. 
16mo. 2 and 160 


FERVAL (H.). a de géométrie descriptive; 4 l’usage des candi- 
dats au baccalauréat de l’enseignement secondaire classique, des éléves 
de l’enseignement secondaire moderne et des candidats aux écolesdu 
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